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In this paper we prove that if G is a finite group of automorphisms acting on 
a semiprime ring R such that R has no additive ] G j-torsion, then the skew 
group ring R*G is also semiprime. The result was heretofore known in such 
special cases as when G is finite abelian, R is Goldie, or R satisfies a polynomial 
identity [I]. 
Our technique of proof is to show first hat (even in the presence of 1 G I- 
torsion or G possibly infinite) every nonzero ideal in R*G contains a nonzero 
element whose support consists of inner automorphisms, where inner is used 
in the sense of Kharchenko [5]. Using this we are able to show that R*G is 
semiprime provided that R is prime and B*Ginn is semiprime where Glnn 
is the subgroup of inner automorphisms and B is the algebra of the group in the 
quotient ring of R with respect to the filter of two-sided ideals. Next we show 
that indeed B*Ginn is semiprime when R has no additive 1 G j-torsion. Finally, 
in order to complete the proof, we make a reduction from R semiprime to R 
prime. 
Along the way we prove that if G (possibly infinite) is outer and R is simple, 
primitive, prime, semiprimitive, or semiprime, then R*G is simple, primitive, 
prime, semiprimitive, or semiprime, respectively. 
Throughout, R will denote an associative ring which does not necessarily 
have a unity. Let G denote a group, which will be infinite unless stated explicitly 
to the contrary, of automorphism acting on R (or, more generally, we may let 
G act on R by means of a homomorphism into the automorpbism group of R). 
For r E R and g E G we will let rg denote the image of r under g. The skew group 
ring, R*G, is defined to be R*G = @ xgeC Rg with addition given component- 
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wise and multiplication given as follows: if r, s E R and g, h E G, then (rg)(sh) -
ysg-l gh E Rgh. 
Assume that R is semiprime and let .g denote the set of all essential ideals 
of R. Throughout this paper “ideal” means “two-sided ideal”. Let R;s be the 
ring of left quotients of R with respect to ,F’, i.e., 
Ry = liliF Horn&Z, R). 
This was defined for prime rings by W. S. Martindale [2], and extended to 
semiprime rings by S. A. Amitsur [3]. The elements of RF are equivalence 
classes of left R-module homomorphisms from essential ideals of R into R. 
For each x E RF , let Z, be the essential ideal of R associated with X, so that 
(0) # Igc C R, when x # 0. 
Then R may be embedded in R.p , and when R is prime, RF will also be 
prime [2]. If C denotes the center of R 9 , then C is a regular ring [3], and when 
R is prime, C is a field. Let g E G. Then g may be extended to an automorphism 
of RF as follows: if x E RF , then for II E Zrg, let a . ~0 == (a”-‘x)9. Then ~0 
determines a left R-module homomorphism of Z,g to R, and thus jcg is a unique 
element of RF . 
Define 4, = {xER~ : xrg --: TX for all Y E R}. It can be shown that 
4, =={xERy:xrg= rx for all r E RF}. Hence +e = C. 
DEFINITION (Kharchenko [4]). If G is a group of automorphisms of R, 
let Grnn = {g E G: 4, # 0). 
When R is semiprime, Grnn will not in general be a subgroup of G; however, 
it is closed under inverses. For, suppose that g E Ginn and 0 # x E & . Since 
xR = Rx, we have that Rx2 is an ideal of R. Let I be the annihilator of Rx2 
in R. Then Rx2 @I = / is an essential ideal of R. Define 5: / .-+ R 
by [(u.v2 + I) =-: ax. That 5 is well-defined follows from the semiprimeness of 
R. Thus 5 determines a nonzero element of RF. One may check that 
/(&g-l - r[) = (0) for any r E R. Thus .$rg-’ - rf = 0 and so 6 ~4,~~. 
Hence g-l E Gtnn since 5 # 0. 
When R is prime, Gtnn is always a subgroup, as was pointed out in [4, 
Section 21. In this case, nonzero elements of 4, are invertible in RF, and so 
Ginn consists of those elements of G which become inner when extended to Rs . 
Following Kharchenko [4, p. 1361, an element a, E RF is called right inde- 
pendent of the elements u2 ,..., a, E Rp with respect to the sequence of auto- 
morphisms g, ,..., Rn if al $ Xi>2 49;‘~~ f 
PROPOSITION 1 (Kharchenko [4]). If a, E RF is right independent of the 
elements u2 ,.,., a, E R;s with respect to the sequence of uutomorphisms g, ,.. . , g, , 
then there exist elements vi , tj E R, 1 .< j < m, such that 
and T vjuitj”’ : 0 for 2 <j < n. 
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The algebra of the group G is defined to be B = CBEG $, . Clearly B is a 
C-subalgebra of Rp . Moreover, B is invariant under the action of G since 
Ah = 6-lLlh * Thus the skew group ring B*G is defined. 
If x = C rsg E R*G, then the support of x is the set supp(x) = {g E G: zg # 0). 
The length of x is the cardinality of supp(x). 
PROPOSITION 2. Let I be a nonzero ideal in R*G and let x = C rsg be an 
element of shortest length in I with ye # 0. Then yg E r&,-l for all g E supp(x). 
In particular, supp(x) C Ginn . 
Proof. Suppose that for some g E supp(x), we have that yg $ r&,-l , then 
yg is right independent of re with respect to the sequence of automorphisms 
e, g. Thus by Proposition 1, there exist vj , tj E R, j = 1,2 ,..., m such that 
7 vjygtj # 09 but C vjY,tj’ = 0. 
j 
NOW consider w = Ci vj(xg-‘) tj = Cj vjr,g-ltj + Cd v,r,et$ + &e,g (***) = 
(Cj qr+#)gl + (xi VjYgtj) e + &ze,s(***). Since the coefficient of g-l is 
zero, but the coefficient of e is nonzero, w is a nonzero element in I of shorter 
length than x. Contradiction. Hence yg E Y&,-I . 
Consequently, if yg # 0, then +,-I # 0 and g-1 E Grnn . By the remark above 
g E Grnn . This completes the proof. 
We are now able to not only give alternate proofs of some known results, 
but also, give proofs of some unknown results. Following the terminology in 
[5], we say that G is F-outer if Gi nn = {e]. We identify R with Re C R*G. 
COROLLARY 3. Let R be semiprime and let G be S-outer. Then every nonzero 
ideal of R*G intersects R nontrivially. Hence, R*G is semiprime [5, Theorem 3.11 
Moreover, 
(1) If R is simple, then R*G is simple [6]. 
(2) If R is primitive and G is finite, then R*G is primitive. 
(3) If R is prime, then R*G is prime [5, Theorem 4.11. 
(4) If R is semiprimitive, then R*G is semiprimitive. 
Proof. That R*G is semiprime, simple, or prime is evident from the first 
statement which is clear from Proposition 2. For (4), one only has to check that 
if J is the Jacobson radical of R*G, then R n J is a quasi-regular ideal of R. 
For (2), let M be a faithful irreducible R-module and let N = @ zVEc M, , 
where each M, = M. Now N can be made into an R*G-module as follows 
m, - rh = rn$ E Msh where m, E M, , Y E R, h E G. Then N, being a direct 
sum of ] G 1 copies of M, has DCC not only as an R-module, but also an R*G- 
module. Hence N contains a minimal R*G-submodule, say Na . Moreover, 
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N, is a faithful R*G-module, for otherwise, Ann&V,) n R # (0) which 
contradicts 1V being a faithful R-module. The proof is complete. 
Remark. This is the first proof that the authors know of that R simple 
tirhout 1 and G outer implies that R*G is simple. All others hinge on the 
existence of 1. 
Let x be an element as found in Proposition 2. Write Ye = Y~X+ , where 
+I E&I . Thus x = ~~~~~~~~~~ x,-lg). Letting x0 = C x+g, we observe that 
YX,, = X,,Y for all Y E RF and that x0 E B*Ginn . This observation leads to our 
first main theorem. 
THEOREM 4. Let R be a prime ring, G a group acting as automorphisms on R, 
and B the algebra of the group. If B*Ginn is semiprime, then R*G is semiprime. 
Proof. If R*G is not semiprime, then choose an ideal N # (0) of R*G 
with N* -:= (0). By Proposition 2 there exists an element 0 # x E N with x = r,x,, 
where x,, = C x+g, each g E Gin,, , and YX,, = xt,r for all Y E RF. Since 
x(R*G) x = (0), we have that for any I E R, k E G, 
0 = x(rk) x = ~Sro’Kr~~ = (q,k.q) Y,%~Y, . 
Because x&x,, E B*G, we write x,,kx, = C, b,,g with b, E B. By the independence 
of the group elements, it follows that bp?OkRr, = (0). Since b,g E Rs , there 
exists an essential ideal J of R such that Jb,g C R. Hence Jbg+dkRr, = (0). 
Then R prime forces JbOnr,k = (0). 
Now letting I = RY,R, choose any 0 # S, E I, say, S, = xi lir,mi . Then 
I = xi Zixmi E N and has the same length as x. Also, a = ~3s. Repeating the 
above argument, we see that Jb,‘s,k = (0), i.e., Jb,gIk = (0). Thus Jb,,g = (0) 
and so b,P = 0 in RF, because it annihilates an essential ideal of R. Therefore 
x,&q, = 0 for all k E G. Finally, x,,(B*G) x,, == (0) because YX,, = q,r for all 
r E Rp , and B C RF . This completes the proof. 
Now we give an example to show that the converse of Theorem 4 is false. 
EXAMPLE. Let R = M&iZ2(x)), the 2 x 2 matrices over the rational functions 
in x over Z, . Let g be given by conjugation by A = c t]. Then g2 = e. Since 
R is simple Artinian, RF = R and C = Z,(x). Thus 4, = CA and 
B = {uI + PA: OL, B E C}. But G = (g) acts as the identity on B. Hence 
B*G = B[GJ, the ordinary group ring. On one hand B[Gj is not semiprime 
since 1 G 1 B = 0. On the other hand, say that N is a nonzero ideal of R*G 
with N* = (0). Choose w = rle + r,g, an element of shortest length in N 
with yI # 0. Since R is simple, we may choose Y, = I. Hence w = e + rd. 
By Proposition 2, y2 E++ = +, = CA. Thence r, = o.5 with u E C. Whence 
0 = W* = (e + adg)* = ti + Lu*AgAg = (1 + dA*) e = (1 + 2x) Ie. 
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Thus (1 + a2z) = 0, and so x = (l/01)*. Contradiction. Therefore R*G is 
semiprime. 
COROLLARY 5. If R is prime and G is a group of automorphisms of R such that 
1 Glnn ) < co and ( Gin,, 1 is not a zero divisor on R, then R*G is semiprime. 
Proof. By Theorem 4, it suffices to show that B*Ginn is semiprime. For 
convenience, write H = Gin,, . For each g E H we have that 4, = Cx, for some 
X, E 4, . Moreover ~+q, = ti(g, h) xgA where u: H x H + C since +&* c +ph . 
Furthermore, it is easy to check that OL is a factor set. Hence B = xge,, +0 
is a homomorphic image of C’[H], the twisted group algebra of H over C with 
respect to ol. By the version of Maschke’s theorem for twisted group algebras, 
C”[w is semisimple Artinian since 1 H 1 is not a zero divisor on C. Whence B 
is semisimple Artinian. Now a version of Maschke’s theorem for skew group 
rings can be proven similarly to that given [7, p. 411. Therefore B*H is semi- 
simple Artinian and the result follows. 
A ring R is said to be G-prime if AB = 0 for G-invariant ideals A and B 
implies that A = 0 or B = 0. We note that if there exists a prime ideal P of R 
such that nc PO = 0, then R is G-prime. 
LEMMA 6. Let R be G-prime, let V be a non.zero ideal of R, and let I be a 
nonzero ideal of R*G. Then there exists 0 # x E Z such that x = C r,g with I, E V 
forallgEG. 
Proof. Let E = {I E R: re + x,,+, r,g E I}. Then E is a G-invariant ideal. 
Since R is G-prime, VE # 0. Hence VI # 0. 
THEOREM 7. Let R be a semi~rime ring and G a jkite group acting as auto- 
morphisms on R. If R has no additive 1 G I-tokm, then R*G is sems$rime. 
Proof. The proof will proceed by induction on 1 G I. Since R has no / G I- 
torsion, (0) = n P, where the PO’s are prime ideals of R such that R/P, has no 
) G I-torsion. For each P, , let 1, = nc P,“. Then R/I, is semiprime with no 
1 G J-torsion and has an induced action of G. Since R*G is a subdirect product 
of the (R/I,)* G is semiprime. 
If P, is G-invariant, then I, = P, and R/P, is prime. Wherefore (R/I,)* G 
is semiprime by Corollary 5. We may therefore assume that R contains a nonzero 
prime ideal P with nc Pg = (0). 
Set orb P = {PO: g E G} and let m be the smallest integer such that for any 
choice of m distinct members of orb P, say Pl ,..., P,,, we have that 
PI n Pz n --- n P,,, = (0). Clearly 1 < m < I G I. Choose Pl ,..., P,,,-l in 
orb P such that V = Pl n .*. n P,,,-l # (0). Let H = {g E G: g permutes 
P 1 ,..., P,-l}. Then I HI < I G I since G is transitive on orb P. Moreover, 
H acts on V and V has no ( H I-torsion. Hence, by our induction hypothesis, 
V*H is semiprime. 
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Note that if g $ H, then VgV = gV’V = (0). Thus since V is H-invariant 
(V*H) g( V*H) = (0) for all g 4 H. 
We claim that R*G is semiprime. For, if not, let N be an ideal of R*G with 
N2 = (0). Applying Lemma 6, we may choose x = C rsg EN with rs E I’ for 
all g E G and re # 0. Write 
x = C rhh + C r,g = x,.j + xc-H. 
7Le.v sCH 
Since N2 = (0), we have the (V*H) x(V*H) x( V*H) = (0). Using the fact 
that (V*H) x,,(V*H) = 0, one can show that (V*H) xH( V*H) xH( V*H)= 
(0). But then x, generates a nilpotent ideal of V*H. A contradiction since 
xH f 0. Therefore R*G is semiprime and the proof is complete. 
As a corollary we obtain an alternate proof of a result of Bergman and Isaacs [8]. 
COROLLARY 8. Let R be a semiprime ring and G a jnite group acting as auto- 
morphisms on R. If R has no additive 1 G l-torsion, then the Jixed ring Ro is semi- 
prime. 
Proof. The following argument from [5] shows that if G is finite and R*G 
is semiprime, then RG is semiprime. Let f = x~~o g. Then fg = f for all g E G, 
so for any Y E R, frf = f (c gr”) = f (c, YQ) = ft(r) where t(r) is the trace of r. 
Suppose that I is an ideal of RG with I2 = (0). Then aRGa = (0) for any a E I. 
Now (fa) R*G(fa) = af(R*G)fa = ufRfa = aft(R) a = fat(R) a CfaRGa = (0). 
Since R*G is semiprime, fa = 0. But then a = 0, and so I = (0). 
We close with one final corollary. For a group G let d denote the F.C. subgroup 
of G, i.e., the subgroup of G consisting of elements which have only finitely many 
conjugates. 
COROLLARY 9. Let R be a semiprime ring and G a group acting as auto- 
morphisms on R. If the order of no Jinite normal subgroup of G is a zero-divisor 
on R, then R*A is semiprime. 
Proof. A sequence of reductions similar to those in [9, p. 1631 can be made 
to reduce the problem down to R*H where H is finite so that Theorem 7 can 
be applied. 
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